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Rational functions with only real periodic points
Khazhgali Kozhasov Mario Kummer
Abstract. We show that in any given degree there exists an open
subset of univariate rational functions with only real periodic points.
Introduction
The study of iterates of rational functions takes a prominent place in discrete dynamical
systems having strong connections to iterative methods, complex and arithmetic geometry.
A well-known example is Newton’s method [5] that is used to find an approximate root
of a polynomial p ∈ C[z] by applying iterates of the rational function f(z) = z − p(z)p′(z)
to some initial guess z0 ∈ C. However, for particular z0 the Newton’s method fails to
converge to a root of p. This happens, for example, when z0 is a periodic point of f , that
is, z0 returns to itself under sufficiently many applications of f .
Any rational function f ∈ C(z)d of degree d ≥ 2 is known to have infinitely many
periodic points in C [6]. Northcott observed [10] that if f ∈ Q(z)d is defined over the field
of rational numbers, then it can have only finitely many periodic points in Q. One of the
main open problems in arithmetic dynamics is the uniform boundedness conjecture [9]
asserting that the number of rational periodic points of f ∈ Q(z)d is uniformly bounded
by a constant depending only on the degree d of f . Remarkably, this problem remains
open even for d = 2, see [2]. When the field is relaxed to R both of the above “regimes”
are possible: some real rational functions f ∈ R(z)d of degree d ≥ 2 have infinitely many
periodic points in R and some have only finitely many. Therefore, it is natural to ask
whether for a given d ≥ 2 there exists a real rational function of degree d that has only
real periodic points. In Theorem 1 we show that the classical Chebyshev polynomials
of the first kind Td(z) = cos(d arccos z), z ∈ [−1, 1], provide a positive answer to this
question. We then study the locus Rd of real rational functions of a fixed degree d that
have only real periodic points. In Theorem 2 we prove that the closed subset Rd of the
(2d+ 1)-dimensional R(z)d has non-empty interior. For this we show that Rd contains an
open subset of the set of real fibered rational functions in R(z)d. A real rational function
is called real fibered if it maps only real points to real points. Such rational functions form
an open semialgebraic subset of R(z)d. Another interesting family of rational functions
with only real periodic points can be produced by perturbing the Chebyshev polynomial
Td in some special way. In Theorem 4 we construct a d-dimensional semialgebraic family
of functions in Rd with Td being in its relative interior. Members of this family are
produced from certain real fibered rational functions as explained in Theorem 3.
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1 Main results
A rational function of degree d is a ratio f = pq of two polynomials p = pdz
d+· · ·+p1z+p0,
q = qdz
d + · · · + q1z + q0 ∈ C[z] that have no common factors and such that pd and
qd are not simultaneously zero. The polynomials p and q are defined uniquely up to a
non-zero common scalar factor. Therefore, the set C(z)d of rational functions of degree d
can be identified with the complement of a hypersurface in the projective (2d+ 1)-space
P2d+1 = {(pd, . . . , p1, p0, qd, . . . , q1, q0) ∈ C2d+2 \ {0}}/C∗. Any rational function f = pq
defines a continuous map z 7→ p(z)q(z) from the Riemann sphere C = C ∪ {∞} into itself
that sends ∞ to lim z→∞ p(z)q(z) ∈ C and zeros of q to ∞.
A point z ∈ C is called periodic for a rational function f if fk(z) = z for some integer
k ≥ 1, where one defines f1 = f and fk+1 = fk ◦ f . In particular, if f(z) = z, then z ∈ C
is called a fixed point of f . Thus, a periodic point of f is a fixed point of fk for some
k ≥ 1. Every rational function of degree d ≥ 2 has infinitely many periodic points in C
[6, Thm. 5.9]. Let K be a finite extension of the field Q of rational numbers. Northcott
[10] proved that if a rational function f = pq is defined over K, that is, p, q ∈ K[z],
then f has only finitely many periodic points in K. In particular, this holds for K = Q.
However, when relaxing the field to R it is easy to see that both of the above “regimes”
are possible when the degree d ≥ 2 : some real rational functions have infinitely many
real periodic points while other only finitely many. Thus, it is natural to ask whether for
a given d ≥ 2 there exist real rational functions of degree d that have only real periodic
points. In our first result we show that classical Chebyshev polynomials of the first kind
Td(z) = cos(d arccos z), z ∈ [−1, 1], have this property.
Theorem 1. For any d ≥ 1 the Chebyshev polynomial Td of degree d has only real
periodic points. Moreover, for any k ≥ 1 the equation T kd (z) = z, z ∈ C, has dk + 1
distinct solutions all of which are real.
Remark 1. Since the Chebyshev polynomial Td and hence its iterations T
k
d , k ≥ 1, are
defined over Q, all periodic points of Td are real algebraic numbers.
For d ≥ 1 let us denote by Rd ⊂ R(z)d the subset of real rational functions of degree d
that have only real periodic points. It follows from Theorem 1 that Rd is nonempty. The
set Rd ⊂ P2d+1(R) is closed since it can be written as the intersection of countably many
closed semialgebraic subsets. Theorem 2 below implies that Rd has non-empty interior.
In order to state it we need the following notion. A real rational function f ∈ R(z) is said
to be real fibered if f−1(z) ⊂ R for any z ∈ R. By [11, Thm. 6.3.8] a rational function
f = pq is real fibered if and only if real polynomials p, q ∈ R[z] have interlacing zeros, that
is, all zeros of p, q are distinct, real and between any two consecutive zeros of p there
is one zero of q and vice versa. It follows from this characterization that real fibered
rational functions of a given degree d form an open semialgebraic subset of P2d+1(R).
Theorem 2. If f ∈ R(z) is a real fibered rational function, then at most two of its
periodic points are non-real. Furthermore, there exists an open subset of R(z)d consisting
of real fibered rational functions that have only real periodic points.
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Figure 1: Real fibered rational function with only real periodic points from Example 1
(d = 4). Blue (red) points are zeros (resp. poles) of f , black points correspond to the 5
real fixed points of f .
Example 1. Define polynomials p(z) =
∏d
k=1(z + 2k − 1), q(z) =
∏d
`=1(z + 2`). The
rational function f = pq is real fibered since the zeros 1, 3, . . . , 2d− 1 of p interlace the
zeros 2, 4, . . . , 2d of q. It follows from the proof of Theorem 2 that f ∈ R(z)d has only
real periodic points. Figure 1 shows that f has 5 = d+ 1 fixed points in R when d = 4.
As presumed by Theorem 2, some real fibered rational functions have exactly two
non-real periodic points. It is easy to find examples of such functions.
Example 2. Define polynomials p(z) = 12
(
(z+i)d+(z−i)d), q(z) = 12i((z+i)d−(z−i)d).
The rational function f = pq is real fibered since the zeros zk = ctg
(
2k+1
2d pi
)
, k = 0, . . . , d−1,
of p interlace the zeros z` = ctg
(
2`
2dpi
)
, ` = 1, . . . , d− 1, of q. However, not all periodic
points of f ∈ R(z)d are real as i and −i are its fixed points.
Note that a real fibered rational function of degree d ≥ 2 is never a polynomial. In
particular, the Chebyshev polynomial Td ∈ Rd is not in the open subset of real fibered
rational functions from Theorem 2. However, in Theorems 3 and 4 below we show
how real fibered rational functions can be used to construct a semialgebraic family of
functions in Rd with Td being in its relative interior. Before we state these results let
us consider the Mo¨bius transformation φ : z 7→ i 1+z1−z , z ∈ C, that sends the unit circle
S1 = {z ∈ C : |z| = 1} to R = R ∪ {∞} ⊂ C. Then the conjugation f φ := φ−1 ◦ f ◦ φ of
a real rational function f ∈ R(z)d with φ is a rational function f φ ∈ C(z) that preserves
S1, i.e., |f φ(z)| = 1 whenever |z| = 1. In particular, f ∈ R(z) is real fibered if and only
if (f φ)−1(z) ⊂ S1 for any z ∈ S1.
Example 3. If f ∈ R(z) is the real fibered rational function from Example 2, one
computes f φ(z) = zd, a polynomial which obviously satisfies (f φ)−1(z) ⊂ S1 for z ∈ S1.
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The following result explains how one can construct functions in Rd out of certain
real fibered rational functions.
Theorem 3. Let f ∈ R(z)d be a real rational function such that f−1(z) ⊂ S1 for any
z ∈ S1. Then the real rational function F ∈ R(x)d defined by
F (x) =
1
2
(
f
(
x+ i
√
1− x2
)
+ f
(
x− i
√
1− x2
))
, x ∈ [−1, 1], (1)
has only real periodic points. Moreover, for any k ≥ 1 the equation F k(x) = x, x ∈ C,
has dk + 1 distinct solutions all of which are real.
Example 4. Applying the construction from Theorem 3 to f(z) = zd we obtain the
Chebyshev polynomial of the first kind
Td(x) =
1
2
(
f
(
x+ i
√
1− x2
)
+ f
(
x− i
√
1− x2
))
=
1
2
((
x+ i
√
1− x2
)d
+
(
x− i
√
1− x2
)d)
, x ∈ [−1, 1].
Recall that f ∈ R(z) is real fibered if and only if f φ ∈ C(z) satisfies (f φ)−1(z) ⊂ S1
for any z ∈ S1. However, such f φ is in general not real and hence Theorem 3 cannot be
applied to it. That is why for a fixed d the set of rational functions F ∈ Rd with only
real periodic points produced by Theorem 3 is not of full dimension in P2d+1(R). In the
next result we compute the dimension of this locus.
Theorem 4. Let d ≥ 2 be fixed.
(i) Real rational functions f ∈ R(z)d of degree d such that f−1(z) ⊂ S1 for any z ∈ S1
form a d-dimensional semialgebraic subset of P2d+1(R).
(ii) Those real rational functions F ∈ Rd of degree d that are produced by Theorem 3
form a d-dimensional semialgebraic subset of P2d+1(R).
It is not known to us whether Td ∈ Rd lies in the interior of Rd.
Remark 2. Theorem 4 implies that Rd contains a d-dimensional semialgebraic family
of rational functions. Taking conjugations F ψ = ψ−1 ◦ F ◦ ψ of functions F ∈ Rd in this
family by all possible real Mo¨bius transformations ψ(x) = ax+bcx+d , a, b, c, d ∈ R, ad− bc = 1,
one can produce a larger (d+ 2)-dimensional semialgebraic family of functions in Rd.
For a rational function F ∈ R(x)d produced by Theorem 3 we have F−1(x) ⊂ [−1, 1]
for any x ∈ [−1, 1], a property that allows us to prove reality of all periodic points of
F , see Subsection 2.3 for details. It is easy to see that classical Hermite polynomials
Hd(x) = (−1)dex2 dddxd e−x
2
do not have this property. Moreover, Hd cannot be conjugate
to any F ∈ R(x)d as in Theorem 3, see Remark 2. However, some computer experiments
showed us that for not very large d ≥ 1 and k ≥ 1 the kth iterate Hkd of Hd has only real
fixed points. This motivates the following conjecture.
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Conjecture 1. For any d ≥ 1 the Hermite polynomial Hd ∈ R[x]d has only real periodic
points, that is, Hd ∈ Rd.
A rational function f ∈ C(x)d is the same thing as a degree d morphism of P1 ' C
into itself. More generally, one can look at morphisms f : Pn → Pn of the projective
n-space Pn = (Cn+1 \ {0})/C∗ into itself. The study of dynamical properties of such
higher-dimensional maps was pioneered by Fornaess and Sibony in [4]. As in the case
n = 1, any morphism f : Pn → Pn of degree d ≥ 2 has infinitely many periodic points in
Pn [4, Thm. 3.3]. In [1] Abo, Seigal and Sturmfels conjectured that for any d ≥ 2 and
n ≥ 2 there exists a real morphism f : Pn → Pn of degree d with only real fixed points.
In [7] the first author of the present work confirmed this conjecture. It is natural to ask
whether the same is true for periodic points.
Problem 1. Let d ≥ 2 and n ≥ 1. Does there exist a morphism f : Pn → Pn of degree d
that is defined over R and has only real periodic points?
Theorems 1, 2 or 3 imply that the answer to this question is positive for n = 1. Note
that for n ≥ 2 the only real fibered morphisms f : Pn → Pn, i.e., those that satisfy
f−1(x) ⊂ Pn(R) for any x ∈ Pn(R), are projective linear transformations [8, Cor. 2.20].
Therefore, no extension of the construction from Theorem 3 to n ≥ 2 can exist. Also, all
morphisms f : Pn → Pn with only real fixed points from [7] that we tested turn out to
have many non-real periodic points.
2 Proof of main results
In this section we prove our main results.
2.1 Proof of Theorem 1
Theorem 1 is a particular case of Theorem 3 whose proof is given in Subsection 2.3. Here
we give a simpler proof of Theorem 1 using the fact that Chebyshev polynomials form a
semigroup under compositions.
Recall that Td(x) = cos(d arccosx), x ∈ [−1, 1]. It follows that T−1d (x) ⊂ [−1, 1] for
x ∈ [−1, 1] and, moreover, T−1d (x) consists of d distinct points in (−1, 1) for x ∈ (−1, 1)
in the open interval, see Figure 3. In Subsection 2.3 we show that the same property
holds for any real rational function that satisfies assumptions of Theorem 3.
Observe now that for any d and d′
Td(Td′(x)) = cos(d arccos cos(d
′ arccosx)) = cos(dd′ arccosx) = Tdd′(x), x ∈ [−1, 1].
In particular, the kth iterate of Td equals T
k
d = Tdk . Periodic points of Td are, by
definition, fixed points of T kd for some k ≥ 1, that is, solutions x ∈ C of T kd (x) = x. The
above derived property T−1
dk
(x) ⊂ [−1, 1], x ∈ [−1, 1], implies that T kd (x) = Tdk(x) = x
has dk solutions in [−1, 1] and, since T kd = Tdk is a polynomial, one has T kd (∞) = ∞.
Finally, since T kd = Tdk is of degree d
k, the equation T kd (x) = x, x ∈ C, has at most dk + 1
solutions, but we just showed that it has exactly dk + 1 real solutions, one of which is ∞.
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2.2 Proof of Theorem 2
We first observe that if f ∈ R(z) is real fibered and x ∈ C is a fixed point of f , then
fk is real fibered and x is a fixed point of fk as well. Thus, to prove the first claim, it
suffices to show that any real fibered f ∈ R(z)d has at most two non-real fixed points.
Since f has d+ 1 complex fixed points counted with multiplicities and because non-real
fixed points come in complex conjugate pairs, this amounts to proving that f has at least
d − 2 real fixed points. Since numerator and denominator of f have interlacing zeros,
f has e ≥ d− 1 real poles z1, . . . , ze. On each open interval Ij = (zj , zj+1) the function
f increases from −∞ to ∞ or it decreases from ∞ to −∞, see the last paragraph in
the proof of [11, Thm. 6.3.4]. Thus the graph of f |Ij intersects the diagonal for each
j = 1, . . . , e− 1. This shows that f has at least e− 1 ≥ d− 2 real fixed points.
Next we construct real fibered f ∈ R(z)d with only real periodic points. To this
end let f = pq such that the zeros of p and q interlace. Let p(z) =
∑d
k=0 pkz
k and
q(z) =
∑d
`=0 q`z
` and assume further that pk, qk > 0 for all k = 0, . . . , d. Clearly, such
rational functions form an open semialgebraic subset of R(z)d. Next we observe that fk
also has these properties for all k ≥ 1. So it suffices to show that such f has only real
fixed points. We have d− 1 real fixed points as above: one between each two consecutive
of the d real zeros of q. So we need to find one more real fixed point as non-real fixed
points come in complex conjugate pairs. Let z0 ∈ R be the largest zero of q. Since all
coefficients of q are positive, we have z0 < 0. We examine f(z) as z approaches z0 from
the right. If f(z) approaches ∞, then f(z) > z for z = z0 +  with small enough  > 0.
On the other hand, when z tends to ∞, then f(z) converges to pdqd so for large enough z
we have f(z) < z. Thus there must be a fixed point of f in the interval (z0,∞). If f(z)
approaches −∞ when z approaches z0 from the right, then f(z) < z for z = z0 +  with
small enough  > 0. On the other hand, we have f(0) = p0q0 > 0. Thus in this case, there
must be a fixed point of f in the interval (z0, 0).
2.3 Proof of Theorem 3
Let us first observe that if f ∈ R(z) is a real rational function, then so is F that is defined
from f via (1). For this, parametrize x ∈ [−1, 1] as x = cos θ, θ ∈ [0, pi]. Writing f = pq ,
where p(z) =
∑d
k=0 pkz
k and q(z) =
∑d
`=0 q`z
` are real polynomials, we have
F (cos θ) =
1
2
(f (cos θ + i sin θ) + f (cos θ − i sin θ)) = 1
2
(
p
(
eiθ
)
q (eiθ)
+
p
(
e−iθ
)
q (e−iθ)
)
=
d∑
k,`=0
pkq`
1
2
(
ei(k−`)θ + e−i(k−`)θ
)
d∑
k,`=0
qkq` ei(k−`)θ
=
d∑
k,`=0
pkq` T|k−`|(cos θ)
d∑
k=0
q2k + 2
d∑
k<`
qkq` T|k−`|(cos θ)
,
(2)
where in the last step we used the definition of the Chebyshev polynomial Tm(cos θ) =
cos(mθ) together with Euler’s formula. Thus, both the numerator and the denominator
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Figure 2: Real fibered rational function from Example 2 (d = 4). Blue (red) points are
zeros (resp. poles) of g, black points correspond to 4 distinct elements of g−1(0.7) ⊂ R.
of (2) are real polynomials in x = cos θ written in the basis {T0, . . . , Td} of R[x]d.
We claim that F−1(x) ⊂ [−1, 1] for any x ∈ [−1, 1] and that F ∈ R(x) is of the same
degree as f ∈ R(z). In order to show this, we need the following property that any real
fibered rational function g ∈ R(z)d satisfies. Since zeros and poles of g interlace, we
have that for any z ∈ R the fiber g−1(z) ⊂ R consists of d distinct elements of R, see
Figure 2. Given f ∈ R(z)d as in the statement of the theorem we have that f = g φ is
the conjugation of some real fibered g ∈ R(z)d by the Mo¨bius transformation φ. Thus,
for any z ∈ S1 the fiber f−1(z) ⊂ S1 of f ∈ R(z)d consists of d distinct unit complex
numbers. Let us now take x ∈ [−1, 1]. If x ∈ (−1, 1) is in the open interval, take a unit
complex number z ∈ S1 such that Re z = x. Then denote by z1, . . . , zd ∈ f−1(z) the
d distinct elements of the fiber f−1(z) ⊂ S1 and denote by x1 = Re z1, . . . , xd = Re zd
their real parts. Since f ∈ R(z)d is defined over R and since z ∈ S1 \ {−1, 1} is not
real, x1, . . . , xd are distinct real numbers in the open interval (−1, 1). By construction,
F (x1) = · · · = F (xd) = x. Observe that there are exactly two unit complex numbers z
and z¯ with Re z = Re z¯ = x. By the reality of f we have that f−1(z¯) = {z¯1, . . . , z¯d} and
hence xj = Re zj = Re z¯j , j = 1, . . . , d, are well-defined. Formula (2) and the fact that
for any x ∈ (−1, 1) the preimage F−1(x) contains d distinct points x1, . . . , xd ∈ (−1, 1)
imply that F ∈ R(x)d is of degree d. If x = −1 or x = 1, the continuity of F implies that
no z ∈ C \ [−1, 1] is mapped to x. Indeed, if such z existed, there would be an element
z˜ ∈ C\ [−1, 1] near z such that F (z˜) ∈ (−1, 1) but we already know that F−1(x) ⊂ [−1, 1]
for x ∈ (−1, 1) in the open interval. Thus, F−1(x) ⊂ [−1, 1] for any x ∈ [−1, 1].
Note from the reality of f that the fiber f−1(±1) is invariant under the complex
conjugation. This means that points in F−1(±1) ∩ (−1, 1) have multiplicity two each.
These points are (global) extrema of the function F : [−1, 1]→ [−1, 1], see Figure 3.
Periodic points of F are fixed points of F k for some k ≥ 1 which are, by definition,
solutions of F k(x) = x, x ∈ C. Since F k ∈ R(x)dk is of degree dk, the equation F k(x) = x
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Figure 3: Chebyshev polynomial F = Td is obtained from f(z) = z
d via (1). Blue (red)
points are global minima (resp. maxima) of the function F : [−1, 1] → [−1, 1], black
points correspond to d fixed points of F in [−1, 1] (d = 4).
has dk + 1 solutions in C counted with multiplicities. Now, any iterate F k, k ≥ 1, by
induction satisfies (F k)−1(x) ⊂ [−1, 1] for x ∈ [−1, 1]. Moreover, if x ∈ (−1, 1) is in the
open interval, the fiber (F k)−1(x) consists of dk points in (−1, 1). This implies that the
equation F k(x) = x has dk solutions in [−1, 1], see Figure 3. Since F k ∈ R(x)dk is real,
the missing (dk + 1)th solution of F k(x) = x, x ∈ C, must be either real or ∞. This
completes the proof.
2.4 Proof of Theorem 4
(i) In the following let
Sd = {f ∈ C(z)d : |f(z)| = 1 for any z ∈ C with |z| = 1}
be the set of rational functions of degree d that map S1 into itself. Then a rational
function g ∈ C(z)d is real, that is, g ∈ R(z)d, if and only if its conjugation f = g φ ∈ C(z)d
by the Mo¨bius transformation φ : z 7→ i1+z1−z , z ∈ C, belongs to Sd. Let us also denote by
RSd = {f ∈ Sd : f−1(z) ∈ S1 for any z ∈ S1}
the set of rational functions of degree d that send to S1 only points in S1. Recall that
g ∈ R(z)d is real fibered if and only if f = g φ ∈ Sd is in RSd. Real fibered rational
functions of degree d form an open semialgebraic subset of the (2d+1)-dimensional R(z)d ⊂
P2d+1(R). Therefore, since the conjugation with φ is a semialgebraic homeomorphism
on C(z)d ⊂ P2d+1, we have that RSd = {g φ ∈ C(z)d : g ∈ R(z)d is real fibered} is
an open subset of the (2d + 1)-dimensional Sd = {g φ ∈ C(z)d : g ∈ R(z)d} and real
rational functions in RSd form a semialgebraic subset R(z)d ∩RSd of P2d+1(R). Note
that R(z)∩RSd is exactly the set from the statement of the theorem, where its dimension
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is claimed to be d. To prove this claim we first show that R(z)d∩Sd is an algebraic subset
of R(z)d ⊂ P2d+1(R) of dimension d. A real rational function f = pq ∈ R(z)d is in Sd if
and only if p(eiθ)p(e−iθ) = q(eiθ)q(e−iθ) for all θ ∈ [0, pi]. Denoting p(z) = ∑dk=0 pkzk
and q(z) =
∑d
`=0 q`z
` we can rewrite the last condition as
0 =
d∑
k,`=0
(pkp` − qkq`)ei(k−`)θ =
d∑
k=0
p2k − q2k +
d∑
k<`
(pkp` − qkq`)(ei(k−`)θ + e−i(k−`)θ)
=
(
d∑
k=0
p2k − q2k
)
T0(cos θ) +
d∑
m=1
(
2
d−m∑
k=0
pkpk+m − qkqk+m
)
Tm(cos θ), θ ∈ [0, pi],
or, by independence of Chebyshev polynomials T0, T1, . . . , Td, as a system of equations
f0 =
d∑
k=0
p2k − q2k = 0,
fm = 2
d−m∑
k=0
pkpm+k − qkqm+k = 0, m = 1, . . . , d.
(3)
Thus, the set R(z)d ∩ Sd ⊂ R(z)d is cut out by d+ 1 real quadratic forms f0, f1, . . . , fd.
To show that its dimension is d we observe that the Jacobi matrix of (3) computed at
zd ∈ R(z)d ∩ Sd has full rank, equal to d+ 1. Indeed, since zd corresponds to a point in
P2d+1 with coordinates (pd, . . . , p0, qd, . . . , q0) = (1, 0, . . . , 0, 1), we have
∂f0
∂pd
. . . ∂fd∂pd
...
. . .
...
∂f0
∂p0
. . . ∂fd∂p0
∂f0
∂qd
. . . ∂fd∂qd
...
...
...
∂f0
∂q0
. . . ∂fd∂q0

(pd,...,p0,qd,...,q0)=(1,0,...,0,1)
=

2 . . . 0
...
. . .
...
0 . . . 2
0 . . . −2
...
...
...
−2 . . . 0

. (4)
As the Jacobi matrix (4) is of full rank d+ 1, the projective variety X ⊂ P2d+1 defined
by (3) is of (complex) dimension (2d+ 1)− (d+ 1) = d and zd is a smooth point on it.
Furthermore, since zd ∈ R(z)d∩Sd ⊂ X(R) is real, the real algebraic set X(R) ⊂ P2d+1(R)
as well as its Zariski open subset R(z)d ∩ Sd ⊂ P2d+1(R) are d-dimensional. Finally, to
prove that the semialgebraic set R(z)d ∩RSd ⊂ P2d+1(R) is of dimension d observe that
this set (being an open subset of the d-dimensional R(z)d ∩ Sd) contains a neighborhood
of the real rational function zd ∈ R(z)d ∩RSd ⊂ R(z)d ∩ Sd.
(ii) In Theorem 3 we proved that for any f ∈ RSd ⊂ R(z)d the real rational function
F ∈ R(x)d defined from f via
F (x) =
1
2
(
f
(
x+ i
√
1− x2
)
+ f
(
x− i
√
1− x2
))
, x ∈ [−1, 1], (5)
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has only real periodic points. Now we prove that all functions F ∈ R(x)d produced in this
way form a d-dimensional semialgebraic subset Fd of R(x)d ⊂ P2d+1(R). If f = pq ∈ RSd
with real polynomials p(z) =
∑d
k=0 pkz
k, q(z) =
∑d
`=0 q`z
`, then formula (2) gives
F (cos θ) =
∑d
k,`=0 pkq`T|k−`|(cos θ)∑d
k=0 q
2
k + 2
∑
k<` qkq`T|k−`|(cos θ)
=
(∑d
k=0 pkqk
)
T0(cos θ) +
∑d
m=1
(∑d−m
k=0 pkqk+m + pk+mqk
)
Tm(cos θ)(∑d
k=0 q
2
k
)
T0(cos θ) +
∑d
m=1
(
2
∑d−m
k=0 qkqk+m
)
Tm(cos θ)
.
In the basis given by Chebyshev polynomials T0, . . . , Td we have F =
P
Q ∈ R(x)d, where
P (x) =
∑d
m=0 PmTm(x), Q(x) =
∑d
m=0QmTm(x) and coordinates of P and Q read
P0 =
d∑
k=0
pkqk, Pm =
d−m∑
k=0
pkqk+m + pk+mqk, m = 1, . . . , d,
Q0 =
d∑
k=0
q2k, Qm = 2
d−m∑
k=0
qkqk+m, m = 1, . . . , d.
(6)
The formula (6) is the coordinate form of the map (5) that to f ∈ R(z)d with coordinates
(pd, . . . , p0, qd, . . . , q0) associates F ∈ R(x)d with coordinates (Pd, . . . , P0, Qd, . . . , Q0).
Since (6) is given by quadratic forms, the Tarski-Seidenberg principle [3, Thm. 2.2.1]
implies that the image Fd ⊂ R(x)d of the semialgebraic set RSd ⊂ R(z)d is semial-
gebraic. In order to see that Fd is of the same dimension d as RSd we show that
the differential of (6) at zd ∈ RSd is injective. Recall that zd ∈ RSd has coordinates
(pd, . . . , p0, qd, . . . , q0) = (1, 0, . . . , 0, 1). We compute
∂Pd
∂pd
. . . ∂P0∂pd
∂Qd
∂pd
. . . ∂Q0∂pd
...
. . .
...
...
. . .
...
∂Pd
∂p0
. . . ∂P0∂p0
∂Qd
∂p0
. . . ∂Q0∂p0
∂Pd
∂qd
. . . ∂P0∂qd
∂Qd
∂qd
. . . ∂Q0∂qd
...
. . .
...
...
. . .
...
∂Pd
∂q0
. . . ∂P0∂q0
∂Qd
∂q0
. . . ∂Q0∂q0

(pd,...,p0,qd,...,q0)=(1,0,...,0,1)
=

1 . . . 0
...
. . .
... 0
0 . . . 1
0 . . . 1 2 . . . 0
...
...
...
...
. . .
...
1 . . . 0 0 . . . 2

.
Thus, the differential of (6) at zd ∈ RSd is injective and, in particular, the image
Fd ⊂ R(x)d of RSd ⊂ R(z)d under the map (5) is of dimension d = dimFd = dimRSd.
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